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Abstract 

Let R be a commutative Noetherian ring, a an ideal of R and M a finitely generated R- 
module. Let t be a non- negative integer such that H„(M) is a-cofinite for all i < t. It 
is well-known that Hom#(i?/a, H* (M)) is finitely generated i?-module. In this paper we 
study the finiteness of Ext ^(R/a, H* (M)) and Ext %{R/a, H* (M)). 



1. Introduction 

Throughout this paper, R is commutative Noetherian ring and o is an ideal of R. An 
i?-module M is called a-cofinite if: 

(i) Supp(M) C V(o) 

(h) Ext l R (R/a, M) is finite (i.e. finitely generated) i?-module for all i > 0. 

In [G] Grothendieck conjectured that "for any finite i?-module M, Hom^(i?/a, H l a (M)) is 
finite for all i" . Although, Hartshorne disproved Grothendieck's conjecture (cf. [H]) but there 
are some partial answers to Grothendieck's conjecture. For example, in [DY, Theorem 2.1] we 
showed that for a finite -R-module M and for a non-negative integer t if H^(M) is a-cofinite for 
alH < t then Hom J? ( J R/a, H*(M)) is finite. 

Now it is natural to ask about the finiteness of Ext^(i?/a, H*(M)) for i > 0. The first main 
result is to give a partial answer for the case i = 1, see Theorem A. 
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For the case i = 2, Assadolahi and Schenzel used the spectral sequence method to show 
that over a local ring (R, m) if M is a Cohen-Macaulay .R-module and t = grade (a, M) then 
Ext|(i?/a,H* a (M)) is finite if and only if Hom R (i?/a, H* a +1 (M)) is so. The second main result 
of this paper is to give a generalization of [AS, Theorem 1.2] without using spectral sequence, 
see Theorem B. 

2. Main results 

Theorem A: (Finiteness of Ext|j(i?/o, H*(M))). Let t be a non-negative integer. Let M be 
an i?-module such that Ext^" 1 (i?/o, M) is a finite iZ-module (for example M might be finite). 
If H* B (M) is a-cofinite for all i < t, then Ext R (R/a, H* (M)) is finite. 

Theorem B: (Finiteness of Ext 2 R (R/a, H* (M))). Let M be an i?-module such that Ext R (R/a, M) 
is finite for alH > (for example M might be finite). Let t be a non-negative integer such that 
Ff a (M) is a-cofinite for all i <t. Then the following statements are equivalent. 

(a) Hom i? ( J R/a,H*+ 1 (M)) is finite. 

(b) If Ext|(i?/o,H* a (M)) is finite. 

We first bring the following remark which is crucial in our proofs. 

Remark 2.1. Let M be an i?-module and let E be the injective hull of the i?-module M/T a (M) . 
Let N = E/(M/T a (M)). Then it is easy to see that the modules T a (E) and Horn R (R/a, E) are 
zero. Also from the exact sequence 

-> M/T a (M) -» E -> N -» 0, 

we have H l a (AT) ff a +1 (M) and Ext jj(i2/o, JV) = Ext^^/o, M/T a (M)) for all t > 0. In 
addition, note that Hom R (R/a, T a (N)) = Horn R (R/a, N). 

Proof of Theorem A. We use induction on t. Let t = 0. The short exact sequence 

-» T (M) -» M -» M/r a (M) -» (1) 

induces the following exact sequence 

= Horn R (R/a, M/r (M)) Ext ^(-R/o, r o (M)) -» Ext M ), 

and hence Ext ^(R/a, T a (M)) is finite. 

Suppose that t > and that the case t — 1 is settled. Since T a (M) is o-cofinite, the i?-module 
Ext R (R/ a, T a (M)) is finite for all i. By the exact sequence (1), Ext ^(R/a, M/F a (M)) is finite. 
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Now by Remark 2.1 the i?-module Ext R (R/a, N) is finite and H„(iV) is o-cofinite for all i < t— 1. 
Thus by induction hypothesis, Ext R (R/a, H^ -1 (iV)) is finite and so Ext }j(i?/a, H*(M)) is finite. 
□ 



Proof of Theorem B. (a)=^(b) We use induction on t. Let t = 0. The short exact sequence (1) 
induces the following exact sequence 

Ext^(i?/o,M/r a (M)) -^Ext|(i?/o,r a (M)) -^Ext|(i?/o,M). 

To show Ext|(i?/a,r a (M)) is finite, it is enough to show that Ext R (R/a, M/T a {M)) is finite. 
By Remark 2.1, we have 

Ext R (R/a, M/r (M)) = Horn fl (i?/a, JV) 

= Hom i? (i?/a,r a (iV)) 
= Homfl(i2/a,Hi(M)). 

Now the assertion holds. 

Suppose that i > and that the case i — 1 is settled. Since T a {M) is a-cofinite, the 
i?-module Ext R (R/a, T a (M)) is finite for all i. Using the exact sequence (1) we get that 
Ext R (R/a, M/r (M)) is finite for all i. By Remark 2.1, Ext R (R/a, N) is finite for all i and also 
Hom i? (i?/o,H* a (iV)) = Hom i? ( J R/a,H' a +1 (M)) is finite. By induction hypothesis the .R-module 
Ext|(i?/o,H* a _1 (Ar)) is finite and hence Ext %{R/a, H* (M)) is finite too. 

(b)=^(a) We use induction on t. Let t = 0. The short exact sequence (1) induces the following 
exact sequence 

Ext R (R/a, M) -» Ext|j(i?/a,M/r a (M)) -» Ext 2 R (R/a, T a (M)). 

Thus Ext|j(i?/o,M/r a (M)) is finite. By Remark 2.1, Horn r(.R/o, iV) is finite and hence the 
i?-module Horn R (R/a, T a (N)) is finite. Thus Horn R (R/a, H^(M)) is finite. 

Now let t > and that the case t — 1 is settled. Remark 2.1 implies that the modules 
Horn n(R/a, H^(JV)) and Ext l R (R/a, N) are finite for all i. By induction hypothesis the i?- 
module Ext R (R/a, B t a ^ 1 (N)) is finite and hence Ext 2 R (R/a, H* (M)) is finite. □ 

Remark 2.2. Note that in Theorem B, one may replace the condition "Ext R (R/a, M) is finite 
for all i > 0" with the condition "Ext R (R/a, M) is finite for i = t + 1, t + 2" . 

Using the notation of [BS 9.1.3], the a-finiteness dimension of M is defined as 

f (M) := Min{j G N |ff a (M) not finite}. 
Therefore, it is natural to define the a-cofiniteness dimension of M as 

cf a (M) := Min{j G N |H{(M) not a-cofinite}. 
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As the conventions cf (M) = oo when for all j > the module H„(M) is a-cofinite. 
Using this notation we get the following corollary. 

Corollary 2.3. If t < cf a (M), then the following hold: 

(a) Ext l R (i?/a,H*(M)) is finite for i < 1. 

(b) Ext|(i?/a, H*(M)) is finite if and only if Horn R (R/a, H* a +1 (M)) is finite. 

Proof. Part (a) follows from [DY, Theorem 2.1] and Theorem A. 
Part (b) follows from Theorem B. 

Corollary 2.4. Let M be a finite .R-module and t = grade (o, M) or t = f a (M). Then the 
following hold. 

(a) Ext^(i?/a,H*(M)) is finite for i < 1. 

(b) Ext^(#/c,H*(M)) is finite if and only if Hom i? (i?/o,H'+ 1 (M)) is finite. 
Proof. Follows from Corollary 2.3 and the fact that grade (o, M) < f a (M) < cf a (M). 

The following result shows that Ext 2 (i?/a, H^(M)) is not always finite. 

Corollary 2.5. Let (R, m) be a 3-dimensional analytically normal Cohen-Macaulay local 
domain and a an ideal such that dimi?/a > 2. If Spec-R/a — {m/a} is disconnected then 
Ext 2 (R/a,Rl(R)) is not finite. 

Proof. By [MV, Theorem 3.9] we know that Horn R (R/a, H 2 a (R)) is not finite. On the other 
hand R° a (R) is a-cofinite. Now the assertion follows from Theorem B. 

3. Examples 

Example 3.1 (cf. [H]) Let k be a field and R = k[x,y, z,u]/(xy — zu). Set a = (x,u). Then 
Hom R (i?/o, H„(i?)) is not finite and so, by Theorem B, Ext 2 R (R/a, H^i?)) is not finite. Thus 
H* a (i?) is not a-cofinite for i = 1,2. 

Example 3.2 (cf. [MV, Ex 3.7]) Let k be a field and R = k[x,y, z]( x ^ z y Set a = ((x) D (y , z)) . 
Then Horn R (R/a, H 2 a (R)) is not finite and so Ext 2 R {R/a, H^i?)) is not finite. Thus H l a (i?) is 
not a-cofinite for i = 1, 2. 

Example 3.3 (cf. [MV, Ex 3.10]) Let k be a field and R = (k[x,y,u,v]/(xu — yv))( Xty ^ UtV y Set 
a = (x,y)RH (u,v)R. Then Horn R (R/a, H 2 a (R)) is not finite and so Ext 2 R (R/a, H^(i?)) is not 
finite. Thus H^(i?) is not a-cofinite for i = 1,2. 
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Example 3.4 (cf. [AS, Example 4.1]) Let k be an arbitrary field. Let R = k[\x,y,z\] denote 
the formal power series ring in three variables. Let a = (x, y)R PI zR. Then Ext 2 R (R/a, H*(i?)) 
is not finite. 

Example 3.5 (cf. [HK, Ex 2.4]) Let He a field of characteristic zero, and let R = k[Xij], for 
1 < i < 2, 1 < j < 3. Let a be the height two prime ideal of R which is generated by the 2x2 
minors of the matrix (Xij. Then Homi;(i?/c, H^(R)) is not finite and so Ext 2 R (R/a, H^(i?)) is 
not finite. Thus H^(i?) is not a-cofinite for i = 2, 3. 
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